Abstract-This paper presents a lateral control strategy for a platoon of vehicles which utilises only data which can realistically be measured by each vehicle, augmented with InterVehicle Communication (IVC). The control problem resembles those which exist for longitudinal control and this introduces the challenge of estimating a vehicles lateral position and velocity when direct measurement is not possible (due to lane markings being obscured by a preceding vehicle). It is shown that the associated robust controller, which we propose, exhibits string stability in the presence of sensor and actuation delays and a high fidelity simulation is conducted to verify this.
I. INTRODUCTION
Modern motorways have become increasingly congested leading to increased environmental and economic impacts in addition to an unpleasant driving experience. Combine this with the inevitable boredom which can set in on long journeys (and the serious accidents this lack of attention can cause [1] ) and it is little surprise that advances in technology are being used to mitigate these problems. One such technology is platooning, in which a number of vehicles autonomously follow a leader (which may be manually or autonomously driven) enabling greater road utilisation and fuel efficiency with a reduction in accidents.
Platooning has been of interest to vehicle manufacturers for over 20 years, with significant theoretical developments in addition to full scale demonstrations [2] - [6] . It has been demonstrated that if the inter-vehicle spacing can be reduced to below 8m, a significant fuel saving of up to 15% can be realised [7] . Reducing the spacing to these values, however, causes a problem for the lateral (steering) control of a platooning vehicle.
Early attempts at platooning systems solved the lateral control problem by placing magnetic markers in the road surface, which were detected by the platooning vehicles, allowing them to determine their lateral position [8] , [2] . This solution, however, requires a significant infrastructure investment which is likely to outweigh many of the benefits. For platoons to be economically viable, they must be able to operate within the existing infrastructure, without modification [9] .
To achieve this it is necessary to re-purpose the Lane Departure Warning System (LDWS) camera [10] to detect the preceding vehicle, rather than lane markings, and use this information to calculate lateral position. In order to do this, we need some additional information from both the preceding vehicle and platoon leader to be transmitted via an Inter-Vehicle Communication (IVC) system [11] . Whilst this may initially seem prohibitive, it has been shown that to achieve stable performance of longitudinal control at low spacing values IVC is also required [12] and this has not caused a significant barrier to development.
The stability of a platoon controller is determined not only by the stability of individual vehicles but also by the string stability of the entire system. It has been demonstrated that in order to achieve string stability for lateral control, IVC is necessary [13] and some work has been conducted which does not require a direct estimate of lateral position [14] . This paper presents a novel approach which first attempts to estimate the lateral position of the vehicle from sensor and IVC information, then control this value using similar techniques to those developed for longitudinal control.
The next section details the estimation of lateral position from sensor and IVC information and comments on the robustness of the approach to both measurement error and delays. Section III then details the controller design and verifies its string stability under nominal operation and in the presence of delays. In Section IV we present results from a high-fidelity simulation which verify string stability on both straight and curved roads and robustness in the presence of delays. Finally, we conclude with some observations and discussion of further research.
II. LATERAL POSITION ESTIMATION
Outside of a platoon, a vehicle fitted with LDWS can detect lane markings with a forward looking camera to determine its lateral position on the road. As inter-vehicle distances are reduced in a platooning scenario this becomes very difficult as the preceding vehicle will largely obscure the lane markings. The same camera system, however, can be used to measure a vehicle's relative position to the preceding vehicle, allowing the lateral position to be estimated.
Here we consider the estimation problem for the (ith) vehicle in a string of i = 1 . . . n vehicles of a platoon. It is first assumed that the preceding ((i − 1)th) vehicle is aware of its own lateral position (y i−1 ) and it is able to transmit this to the ith vehicle via an IVC system. This is not an unreasonable assumption as the lead vehicle will be able to detect lane markings with LDWS and subsequent vehicles will transmit their estimates, obtained from this technique. The camera system of the ith vehicle can detect the azimuth of the centre of the rear bumper preceding vehicle (θ ci ) and a radar system (likely present for longitudinal control) can detect the inter-vehicle distance (d ri ), see schematic of the geometry in Fig. 1 . These on-board sensors are not typically mounted at the centre of mass, neither do they detect the centre of mass of the vehicle ahead, it is therefore necessary to calculate the true azimuth (θ i ) and distance (d i ).
A. Calculation of azimuth and distance from sensor data
We shall assume that the sensors detecting the vehicle azimuth and distance are placed a distance l ci and l ri ahead of the centre of mass respectively. Both sensors are assumed to be on the vehicle centreline and able to detect the centre of rear bumper of the car ahead. Fig. 1 illustrates the geometry of the problem which requires knowledge of the heading difference between the two vehicles (δψ i = ψ i − ψ i−1 ) to be estimated. This may be obtainable from an additional sensor, but most likely will require the vehicle ahead to transmit its heading via an IVC system. Calculating θ i and d i requires the calculation of some intermediate values, namely d ci , θ bi and d bi , the distance from camera to rear bumper and the angle and distance from the centre of mass to the rear bumper respectively. It also requires knowledge of the distance from the centre of mass of the (i − 1)th vehicle to its rear bumper (l b(i−1) ), which may either be assumed or transmitted by the vehicle. From Fig. 1 we can see that
From these values we can determine 
B. Buffering of reference trajectory
In addition to information about the preceding vehicle, it is necessary to know a reference trajectory. The leader measures both the curvature (κ l ) and heading (ψ l ) of road and transmits this information to all follower vehicles. Each vehicle must buffer this data and choose an appropriate reference point based on their following distance behind the leader. Delaying the use of transmitted data in this way reduces the sensitivity of follower vehicles to communication delays from the leader, provided these delays remain significantly lower than the time gap between the vehicles. Fig. 2 illustrates the IVC requirements of both the leader and follower vehicles. Fig. 3 illustrates the geometry of lateral position estimation. To simplify the calculation it is assumed that κ l is small, and approximately constant between the (i − 1)th and ith vehicle. Therefore
C. Lateral position calculation
where ∆ψ i = ψ i −ψ l , the difference between the ith vehicles heading and that of the reference trajectory.
D. Robustness to sensor errors
It is clear that if θ ci and d ri are subject to measurement error then these will propagate through (1)- (6) , resulting in an erroneous lateral position estimate. To assess the effect of this a 1.8 × 10
6 run Monte-Carlo simulation was performed with range and azimuth measurement sampled from the Gaussian distributions 
whered ri andθ ci are the truth values. It was assumed that the radar and camera sensors were co-located (i.e. l ri = l ci ) on the front bumper of the follower vehicle. Additionally, it is assumed that both vehicles were travelling on a straight, parallel trajectory (i.e. κ l = 0, δψ i = 0 and ∆ψ i = 0), as this is the most common condition when platooning. Performance analysis on non-straight trajectories is given later in Section IV. Fig. 4 illustrates the mean absolute lateral position error for a range of sensor positions behind a preceding vehicle. It is apparent that the error is strongly correlated with separation distance whilst exhibiting little correlation to azimuth. This is a desirable situation as the technique described above is only required when following distances are too small to permit the use of LDWS. Robustness to azimuth, however, is needed in order to assure adequate controller performance during lateral manoeuvres.
E. Robustness to sensor and communication delay
In addition to erroneous measurements, there is likely to be a delay in both the sensors and the communication from the preceding vehicle. To assess the affect of these delays on the lateral position estimation, a simulation environment which includes sensor and communication models (detailed in Section IV) was used to run a small (36 run) Monte Carlo study. Fig. 5 illustrates the lateral position estimation error for a platoon of 9 follower vehicles, subject to sensor and communication delays up to 100ms. It is clear that these delays compound the error along the length of the platoon, with communications delay being particularly significant. It is anticipated that the minimum achievable sensor and communication delays will impose a strict maximum platoon length in order to ensure the last vehicle is capable of sufficiently accurate lateral position estimation. 
III. LATERAL CONTROL DESIGN

A. Controller derivation
The lateral controller is derived in the same way as that for longitudinal control [12] . First, we define a sliding surface
where y l is the lateral deviation of the leader from the reference trajectory and ∆y i = y i − y i−1 is obtained from (6) . To ensure sliding takes place, we setṠ = −λS, yielding
To simplify subsequent derivation we assume that in calculating ∆ÿ i we can ignore the angular terms in (6) as changes in the heading and curvature between the ith and (i − 1)th vehicles are small, therefore we can write
Substituting (11) in to (10) and rearranging forÿ i gives
For small heading deviations,ÿ i is equivalent the lateral acceleration of the vehicle, which can be controlled through steering input via an inner control loop. It is more conventional however, to control the path curvature as this can be more easily measured [15] . Therefore, using the relationship y = κV 2 , where V is the forward speed of the platoon, we obtain
where κ i is now the desired path curvature of the ith vehicle. κ i−1 is the path curvature of the (i−1)th vehicle which must be sent to the ith vehicle via an IVC system. y i is obtained from (6), which can be numerically differentiated to giveẏ i .
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B. Nominal string stability
String stability refers to the damping out of disturbances along the length of the platoon and is obtained when the following conditions are met [12] 
where H i (s) = ∆y i (s)/∆y i−1 (s) is the error propagation transfer function of the ith vehicle and h i (t) is its impulse response.
To determine H i (s) we first calculate S i − S i−1 from (9)
Assuming (11) holds for lower order terms we obtain
Taking the Laplace transform of (17) and noting that sliding drives the left hand side to zero gives
Therefore
which satisfies (14) provided a, b, c > 0 The impulse response of (18) is given by C. String stability subject to unmodelled sensor and actuation delays
The previous section determined conditions for string stability without taking in to account the delays present in the sensing and dynamics of the system. It is important to assure that the string stability of the controller is robust to these delays. We can model delays as a first order filter applied to the lateral acceleration command given by (12) [16] τ ...
where τ is the delay andÿ i is the actual, delayed, lateral acceleration of the vehicle subject to the commandÿ i . Substituting (22) in to (12) and conducting a similar analysis to that above yields a new transfer function
Calculating the inequality (14) for (23) yields the polynomial
where 
It is clear that, subject to the conditions from the previous section, A, C and D are always positive. B is positive if the following inequality is satisfied
This imposes an upper limit on the delays that can be tolerated whilst still maintaining lateral string stability.
IV. SIMULATION RESULTS
A. Set up
To test the lateral platoon controller derived in the previous section a high fidelity simulation was performed using The Open Race Car Simulator (TORCS) [17] , Fig. 6 . An interface was written to link TORCS with MATLAB/Simulink [18] , enabling the controller to be developed and tested quickly, Fig. 7 .
Vehicle data is exported from TORCS at 50Hz and represents the truth data for each vehicle. The controllers for the follower vehicles are not fed directly with this truth data, but instead are provided with the outputs of sensor and IVC models. These models reduce the update frequency and introduce worst case real-world delays to the data [19] , [20] , given in Table I . 
B. Lane change manoeuvre
In order to test the performance and string stability of the lateral controller, a simulation of a lane change manoeuvre was performed, as illustrated in Fig. 6 . The control parameters used during the test are shown in Table II . It is clear that these parameters meet the string stability criteria given by (21), and (25) yields a maximum permissible delay of 938ms which is acceptable. 1) Nominal conditions: Fig. 8 shows the inter-vehicle lateral error (y i − y i−1 ) in a 10 vehicle platoon (1 leader, 9 followers), subject to a lane change by the leader at t = 0s, at both 50kph and 90kph. It can be seen that as the disturbance propagates through the platoon, the peak error experienced by subsequent vehicles reduces, confirming string stability. Fig.  9 illustrates the curvature demand produced by the control system during this manoeuvre.
2) During a steady state cornering: In addition to rejecting disturbances on a straight road, a platoon must also perform well during steady state cornering. For this test, two lane changes are performed at 50kph, one in each direction, to determine if the direction of the corner has any effect on performance. The corner radius is 1000m. Fig. 10 illustrates the performance of the lateral controller during steady state cornering. It is clear that the direction of the manoeuvre has no noticeable effect on the controller performance and that string stability is maintained throughout.
3) Worst case delay: The tests above were subject to small sensor and communication delays, significantly below the limit imposed by (25). A final series of tests was conducted to investigate the performance of the controller as this limit is reached. Fig. 11 illustrates the inter-vehicle lateral position error damping ratio (∆y i /∆y i−1 ) along the platoon, with increasing sensor delay 1 . A damping ratio of less than unity for all vehicles in a given platoon confirms its string stability.
It can be seen that up to a sensor delay of 600ms, nominal controller performance is maintained, but by 700ms the final vehicle is string unstable. As the delay is further increased this instability propagates forward through the platoon. In This leads to a total delay of ∼ 900ms being required in order to induce string instability, which is very close to predicted value of 938ms from (25). It is anticipated, however, that the actual delay is lower than the prediction due to the presence of additional sources of error not accounted for in the derivation of (25), such as those discussed in Sections II-D and II-E.
V. CONCLUSIONS & FURTHER WORK
This paper has derived a lateral controller for platooning vehicles which uses only information which can realistically be obtained, range and azimuth measurements between follower and preceding vehicles augmented by additional IVC information.
Based on this estimated lateral position, a controller has been developed which can guarantee string stability provided a maximum sensor delay is not exceeded. This controller has been shown to exhibit string stability in both the nominal case and in the presence of delays up to the maximum. To demonstrate the controller performance, high fidelity simulations were performed using MATLAB/Simulink interfaced with TORCS to provide a dynamic model. These simulations were conducted across a range of typical motorway operating speeds, during steady state cornering and were subject to realistic measurement and communication models. The simulation results illustrate stable and robust performance across all of these conditions, in addition to confirming the validity of the theoretical maximum permissible delay. This paper has presented an initial assessment of the robustness of the controller to sensing and actuation delays. However, further work is needed to assess the impact of sensing and communication delays separately, in addition to determining the minimum required communication rates. This is necessary to inform the choice of sensors and IVC equipment to ensure they meet the minimum requirement for lateral platoon string stability under all operating conditions. A more detailed analysis of the controller robustness will also include an assessment of the sensitivity of the lateral position estimate to delays and sampling rates.
